The dynamics and lifetime of atmospheric clouds are tightly coupled to entrainment and turbulent mixing. This paper presents direct numerical simulations of turbulent mixing followed by droplet evaporation at the cloud-clear air interface in a meter-sized volume, with an ensemble of up to almost half a billion individual cloud water droplets. The dependence of the mixing process on domain size reveals that inhomogeneous mixing becomes increasingly important as the domain size is increased. The shape of the droplet size distribution varies strongly with spatial scale, with the appearance of a pronounced negative exponential tail. The increase of relative dispersion during the transient mixing process is strongly dependent on the scale of the mixing and therefore on the Damköhler number, defined as the turbulence large-eddy time scale divided by the cloud supersaturation relaxation time.
Introduction
In order to predict the rate of precipitation formation or the optical properties of a cloud, one needs to know not only the mass of condensed water in a cloud (per unit mass of air, e.g., liquid water mixing ratio), but also the size distribution of the condensed particles. Even in a cloud with no ice, for which there is a fundamental-level understanding of single-droplet activation and growth by vapor condensation (Lamb & Verlinde, 2011) , this is a challenge for populations of droplets in a turbulent environment: (1) turbulence and vertical cycling influence the number of activated cloud condensation nuclei (Ditas et al., 2012; Jensen & Nugent, 2017; Korolev et al., 2013) ; (2) the rate of growth of cloud droplets by vapor condensation depends on fluctuations in the supersaturation field, for example, due to fluctuations in vertical velocity or vertical cycling (Cooper, 1989; Lanotte et al., 2009; Lasher-Trapp et al., 2005) ; and (3) both activation and droplet growth are strongly influenced by the entrainment and subsequent mixing of dry, environmental air into the cloud (Jeffery, 2007; Korolev et al., 2016; Yang et al., 2016) . While turbulence is not the only complicating factor, its ubiquitous presence is a primary challenge, in part because of its multiscale nature (Bodenschatz et al., 2010; Devenish et al., 2012) . Even high-resolution cloud simulations typically depend on large-eddy simulation and do not resolve scales below approximately tens of meters, and at the other extreme, fully resolved direct numerical simulations (DNS) of turbulence are typically confined to scales less than 1 m. The third process, response of the cloud droplet size distribution to entrainment and mixing of dry air into a cloud, is the focus
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10.1029/2018MS001487 of this paper. We adopt the DNS approach, and specifically consider how the microphysical response of a fully resolved mixing event depends on the range of scales represented by the simulation.
The question of scale dependence is central to the current conceptual understanding of entrainment and mixing. Several decades ago, laboratory experiments and then theoretical and field studies resulted in the concept of two limiting mixing regimes: in the homogeneous limit the time scale for turbulent mixing is short compared to relevant microphysical response times, resulting in a well-mixed volume and identical particle response; in the inhomogeneous limit the time scale for turbulent mixing is long compared to relevant microphysical response times, and therefore droplet evaporation takes place primarily at the evolving boundaries between the cloudy and clear air (Baker et al., 1980 (Baker et al., , 1984 Latham & Reed, 1977) . These limiting regimes have traditionally been explored through mixing diagrams, in which the mean-volume diameter is plotted versus the concentration of cloud droplets (Burnet & Brenguier, 2007; Jensen et al., 1985; Yum et al., 2015) . That field work has been accompanied by a steady effort in computational and theoretical studies of the mixing process, with the fidelity and range of scales of the models steadily increasing through the years (Andrejczuk et al., 2004 (Andrejczuk et al., , 2006 (Andrejczuk et al., , 2009 Gao et al., 2018; Jeffery & Reisner, 2006; Jensen & Baker, 1989; Kumar et al., 2013 Kumar et al., , 2014 Tölle & Krueger, 2014) .
The relevance of the multiscale nature of turbulence to the mixing problem can be framed by considering the Damköhler number, Da = mix ∕ cloud , where mix and cloud are the typical eddy turnover time and the cloud response time, respectively. The existence of the turbulent energy cascade implies that there is a range of turbulence time scales, from the large-scale eddy turnover time (short: large-eddy time) T L to the dissipation (or Kolmogorov) time . It is thus possible that within the turbulence cascade, both Da > 1 and Da < 1 can exist at different spatial scales, so that one can also expect a different microphysical response at different scales (Andrejczuk et al., 2006; Beals et al., 2015; Korolev & Mazin, 2003; Lehmann et al., 2009; Lu et al., 2011 Lu et al., , 2014 Siebert et al., 2015) . For example, some DNS results suggested that a transition from inhomogeneous to homogeneous mixing could lead to an inhomogeneous offset in the microphysical trajectory in a mixing diagram (Kumar et al., 2014) . Driven in part by related questions of scale, computational efforts have pushed to reach steadily larger Da, within the capabilities of available computational resources. Increasing the domain size L of a DNS, for example, implies not only that the fluid calculation will scale as L 3 , but also that the large-eddy time T L increases and, for cloud calculations, that the number of Lagrangian particles increases. Because of the prohibitive computational expense, other avenues have been explored, such as exploration of a range of Da by adjusting the water vapor diffusivity to be artificially small or large (Kumar et al., 2012) .
In this study we have expended significant computational resources to explore the influence of the range of resolved spatial scales on the microphysical response to a transient mixing event at the edge of a cloud. Simulations with identical initial and boundary conditions are run, with the only difference being the size of the computational domain captured by the DNS. Specifically, we explore a typical, modest domain with side length L = 12.8 cm, all the way up to a box with size L = 2 m. Thus, we are able to directly observe the influence of variable large-eddy Damköhler number, Da L , on the evolution of cloud droplet size distributions.
Methods
The entrainment and subsequent mixing of clear and cloudy air is studied by means of DNS in an idealized setting: a slab-like filament of cloudy supersaturated air with an initially planar cloud-clear air interface is centered in a cubic domain of side length L. Fluid turbulence is maintained in a statistically stationary state. The cloud slab contains a monodisperse population of cloud water droplets with a radius r 0 = 20 μm. The side length is doubled in five successive steps starting from L = 12.8 cm up to 2 m by keeping the initial volume ratio of cloud slab to clear air environment the same. The initial number density of the cloud water droplets is n d ≈ 117 cm −3 in the filament for all five runs (slight variations ensure that q l is identical for all cases). This implies that the total droplet number N d grows by a factor of 8 between two successive runs and reaches almost half a billion for the biggest simulation (see Table 1 ).
We solve the three-dimensional Boussinesq equations for the velocity field u i , the temperature field T, and the water vapor mixing ratio q v = v / d . The liquid water mixing ratio is described by a population of individual Lagrangian point like droplets. The cloud water droplet dynamics incorporates gravitational settling, Stokes friction, and a diffusional growth of the droplet radius. Details of the model are found in Kumar et al. (2013 Kumar et al. ( , 2014 and in the supporting information. The advection-diffusion equations for temperature and vapor mixing ratio contain the condensation rate field C d as a source term. This change of the liquid water content with Note. The side length of the cube, L (in cm), the mean kinetic energy dissipation rate, (in cm 2 /s 3 ), the width of the cloudy air slab with respect to x direction, Δx (in cm) , the ratio of slab width to side length of the whole cube, the total number of numerical grid points, N 3 , the total number of cloud water droplets at beginning, N d , the initial liquid water mixing ratio, q l (t = 0), and the total water mixing ratio, q t , are given.
respect to time is evaluated from the droplet ensemble and converted onto the computational grid. In turn, temperature and vapor content fields are required to determine the supersaturation at each droplet position to determine the droplet growth. The simulation domain obeys periodic boundary conditions in all three spatial directions. We apply a pseudospectral method to advance the system of equations.
The volume forcing is set up so that the mean kinetic energy dissipation rate is constant in the five runs, as seen in Table 1 . This provides full control of the small-scale end of the turbulent cascade since the Kolmogorov length is then prescribed by the parameter in of the volume forcing term and the kinematic viscosity (Schumacher et al., 2007) . The parameter in determines that rate at which kinetic energy is injected into the turbulent flow and equals the mean kinetic energy dissipation rate in the statistically stationary regime of fluid turbulence.
The grid spacing can be adapted such that the spectral resolution is sufficient for the turbulence and the droplet dynamics (see also supporting information). Conceptually, the choice to maintain constant for varying domain sizes implies that the simulated cubes are receiving energy cascaded from larger eddies than represented in the domain. (This is in contrast to fixing the turbulent kinetic energy with varying domain size, for example.) The constant-approach is consistent with the focus on varying turbulence time scales relative to microphysical time scales as domain size is changed.
Results
The logic of the set of simulations is to vary the computational domain size from small to large, while maintaining fixed cloud and environment properties. Then any observed changes that develop in the cloud microphysical properties as mixing occurs are a result solely of changes in the domain size. Specifically, all simulations start with the same liquid water content in the cloud slab and the same relative humidity inside and outside of the slab. The volume fraction of the slab is the same for all simulations. In short, in terms of intensive variables, the simulated clouds are identical. The largest simulated volume, however, is over 4,000 times larger than the smallest volume, with the latter being typical of prior published DNS results. The large-eddy times (calculated using We have configured the simulation to minimize the added complexity of total droplet evaporation and the resulting ambiguity in relevant time scale (phase relaxation versus single-droplet evaporation; Lehmann et al., 2009 ). The upper-left panel of Figure 2 shows that the simulations all begin with identical mean droplet volume, and end with a reduced mean droplet volume that is the same for all domain sizes. The simulations also are configured with a relatively large initial droplet size so that the droplet number is nearly unchanged. In other words, n d changes primarily due to dilution, not to complete evaporation of droplets in these simulations (except for the largest domain, in which the number of droplets is reduced by less than a tenth of a percent). Therefore, the q l for the simulations follows a similar pattern as in Figure 2a . In other words, the simulations end at nearly the same configuration for total liquid water, even if the detailed microphysics may be rather different.
Figures 2b-2f show droplet size distributions for the five domains, from L = 0.128 m to L = 2 m. Size distributions are shown at four different times for each domain. The times are not equivalent, because the large-eddy time of the turbulence changes strongly with domain size. Although all size distributions start as monodisperse, and the initial evolution (e.g., as depicted by the red curves) are similar, the long-time distributions are dramatically different. In the smallest domain, in Figure 2b , after some initial broadening of the size distribution, the distribution simply shifts to smaller mean size as evaporation occurs. That is consistent with the conceptual model of homogeneous mixing. In the largest domain (Figure 2f ), in contrast, the size distribution continues to broaden as time progresses. The peak of the distribution does not shift to the left as much as for the smaller domains, whereas the distribution becomes strongly negatively skewed, with the left tail approaching an exponential shape. The emergence of exponential tails on the left side of the size distribution is consistent with the findings of Kumar et al. (2012) , which were achieved by varying the water vapor diffusivity (evaporation rate) rather than the box size. The common result is supportive of the notion of Damköhler number similarity, in other words, different simulation parameters with the same Da yield common microphysical results (Kumar et al., 2012) . We also refer to the supporting information where we directly compare the droplet size distributions for the smallest and largest runs at a later time.
Mixing diagrams, such as those shown in Figure 3 , have been used in studies of homogeneous and inhomogeneous mixing since when those limits were first conceptualized (Andrejczuk et al., 2004; Burnet & Brenguier, 2007; Gerber et al., 2008; Jensen et al., 1985; Lehmann et al., 2009; Lu et al., 2011; Tölle & Krueger, 2014; Yum et al., 2015) . The horizontal and curved lines in the mixing diagrams correspond to expected behavior for inhomogeneous and homogeneous mixing, respectively. In our prior DNS-based research, we speculated that signatures of inhomogeneous mixing would become more pronounced with increasing Da L , and in fact that is partly the motivation for the current work (Kumar et al., 2012 (Kumar et al., , 2014 . Figure 3a shows a mixing diagram for Figure 3b is a zoom of Figure 3a showing the initial cloud droplet growth that occurs as a result of the positive supersaturation in the initial conditions. Although the initial growth shows a domain size dependence, and therefore a Da L dependence, the mixing trajectories all basically reach the same final state. Contrary to expectations when the simulations were designed, there is no obvious change in the shape of the mixing trajectories as domain size varies. To be consistent with our prior work (Kumar et al., 2014) , we also divide the cloud slab into four subdomains, as depicted in Figure 3c . Mixing trajectories for each subdomain are plotted in Figures 3d-3h , progressing from the smallest to the largest domain. Again, no obvious change is observed with domain size. Finally, in Figure 3i , mixing trajectories for the cloud slab divided into 16 subdomains are shown for the largest simulation. Some of the trajectories seem to show stronger or weaker signatures for inhomogeneous mixing, but these are expected to be fluctuations. We note that a single one-fourth-sized subdomain has the same size as Run 4, so each mixing trajectory in Figure 3i could be compared to the trajectories in Figure 3g that corresponds to the second largest computational domain. In the supporting information, we show that 256 slabs of the same size as the one for Run 1 and positioned at the interface of the 2-m domain show a much larger variability. All this serves to illustrate the dependence of fluctuations on domain size. The lack of scale dependence observable in the mixing diagrams was surprising to us. We speculate that it is at least in part a result of the chosen initial conditions that de-emphasize complete droplet evaporation. But it also must be kept in mind that several authors have shown that mixing diagrams can be ambiguous for identification of mixing regimes (Pinsky & Khain, 2018; Tölle & Krueger, 2014 ).
The clear, or even dramatic, changes in the size distributions observed in Figure 2 demonstrate that there is, in fact, a microphysical response to the range of spatial scales in a turbulent flow. Given the lack of obvious signal in Figure 3 , we are therefore left with the challenge of identifying a scale-sensitive metric of homogeneous versus inhomogeneous regimes for cloud microphysical response to turbulent mixing. The size distributions in Figure 2 do show that, for the conditions explored here in which complete droplet evaporation is unlikely, the mean droplet size indeed does not change strongly with increasing simulation domain size L. But the width of the droplet size distributions should be more sensitive to the emergence of the exponential left tail of the size distribution. We expect, therefore, that the statistical dispersion of the size distribution can be taken as an indicator of mixing regime. Because relative dispersion r /r is customarily used, we adopt it as a metric. Figure 4 shows the dependence of r /r on (left panel) domain-averaged liquid water mixing ratio q l and on (right panel) the large-eddy Damköhler number. The left panel shows that each trajectory starts at the same point, corresponding to the initial value of q l before mixing and evaporation begin, and to zero size distribution width. As cloud droplet evaporation progresses and q l decreases, it can be clearly seen that the relative dispersion increases in all cases, but with increasing magnitude for progressively larger simulation domains. In the right panel the trajectories are also followed from lower right to upper left as time progresses. 
Discussion and Concluding Remarks
The central finding of this work is the strong dependence of relative size dispersion on the range of scales in a turbulent flow. The perspective has been on time scales via Da L , but results also can be interpreted in the context of spatial scales. When the turbulence energy cascade is considered, a length scale at which the flow transitions from relatively fast to slow microphysical response, can be expressed as l ⋆ = √ 3 cloud (Lehmann et al., 2009 This line of reasoning immediately leads to the question of what range of scales is expected to exist in real clouds? Specifically, how far away is the 2-m domain size simulated here from the large scales existing in natural clouds? The large-eddy length scale for boundary-layer turbulence is often of order hundreds of meters (Wyngaard, 1992) . However, entrainment events may be more local to shear zones at convective-cloud edge or the entrainment interfacial region at stratiform-cloud top, with scales of order 1 to 10 m (Heus & Jonker, 2008; Katzwinkel et al., 2012 Katzwinkel et al., , 2014 Malinowski et al., 2013; Mellado et al., 2014) . The question is of particular relevance to large-eddy simulation studies, in which such narrow features are poorly resolved: if the large-eddy scale, via Da L , determines relative dispersion, then this may need to be handled in a subgrid-scale parameterization in coarse-scale models. One approach would be to represent mixing using efficient, multiscale models like the linear-eddy triplet-map approach (Krueger et al., 1997; Tölle & Krueger, 2014) . Another approach would be to identify Reynolds-number scalings such as have been developed for closed cloud parcels (Lanotte et al., 2009; Sardina et al., 2015) .
The DNS results presented here, which are focused on entrainment and mixing of cloudy and noncloudy air, are the first to achieve such a large range of scales. They are therefore complementary to the DNS of cloud core regions (Ayala et al., 2014; Onishi et al., 2015; Sardina et al., 2015; Saito & Gotoh, 2018) . We anticipate that DNS of entrainment and mixing will help shed light on questions related to the appropriate microphysical time scale (Lehmann et al., 2009; Lu et al., 2018) and how to parameterize the microphysical response to homogeneous versus inhomogeneous mixing. Finally, as spatial and temporal scales are increased, the collision-coalescence process likely becomes more relevant, and extension to that regime is a promising area of investigation.
